We introduce the notion of a semi-Riemannian spectral triple which generalizes the notion of spectral triple and allows for a treatment of semiRiemannian manifolds within a noncommutative setting. It turns out that the relevant spaces in noncommutative semi-Riemannian geometry are not Hilbert spaces any more but Krein spaces, and Dirac operators are Kreinselfadjoint. We show that the noncommutative tori can be endowed with a semi-Riemannian structure in this way. For the noncommutative tori as well as for semi-Riemannian spin manifolds the dimension, the signature of the metric, and the integral of a function can be recovered from the spectral data.
Introduction
The Gel'fand-Naimark theorem states that any unital commutative C * -algebra can be realized as an algebra of continuous functions on a compact Hausdorff space. In noncommutative geometry one thinks of a noncommutative C * -algebra as an algebra of functions on some "virtual" space and tries to imitate geometrical constructions which work for the case of commutative algebras. Connes functional analytic approach (see [6] ) to noncommutative geometry starts with the observation that the metric information of a compact Riemannian spin manifold M is encoded in the triple (C ∞ (M), / D, L 2 (M, S)), where / D is the Dirac operator and L 2 (M, S) is the Hilbert space of square integrable sections of the spinor bundle. The algebra C ∞ (M) is realized as a * -algebra of bounded operators on L 2 (M, S). The space of characters of C ∞ (M) is canonically isomorphic to the set of points of M and the Riemannian distance between to point p and q can be recovered from the equation
The noncommutative generalization of the object (C ∞ (M), / D, L 2 (M, S)) is the so called spectral triple, which we can think of as a generalization of the theory of compact Riemannian manifolds. For a further introduction to noncommutative geometry we would like to refer the reader to [9] , [16] , [22] , [17] and the references therein.
Recently there have been attempts to get analogues of spectral triples which allow for a treatment of non-compact manifolds (see [20] ) and of globally hyperbolic Lorentzian manifolds (see [18, 15, 14, 13] ). Such a treatment seems necessary if one wants to study physical models, which are defined on spaces with Lorentzian rather than Riemannian metrics. The idea in [10] , [15] , [14] and [13] is to foliate the spacetime into Cauchy surfaces and to treat the Cauchy surfaces as Riemannian manifolds. Whereas this approach seems promising for the study of evolution equations in physics, its dependence on the foliation and the restriction to Lorentzian signatures is disturbing from the mathematical point of view.
In this paper we suggest a notion of semi-Riemannian spectral triple, which allows to treat compact semi-Riemannian manifolds (of arbitrary signature) within noncommutative geometry. Such a triple (A, D, H) consists of an involutive algebra A of bounded operators acting on a Krein space H and a Krein-selfadjoint operator D. An important role is played by the fundamental symmetries of the Krein space. These are operators J : H → H with J 2 = 1 such that (·, J·) = (J·, ·) is a positive definite scalar product turning H into a Hilbert space. They can be used to obtain ordinary spectral triples from semi-Riemannian spectral triples in a similar way as this is done in physics by "Wick rotation", which is used to pass to Riemannian signatures of the metric. For example if M is a Lorentzian spin manifold, A = C ∞ 0 (M) and D is the Dirac operator which acts on the Krein space of square integrable sections H of the spinor bundle, the triple (A, D, H) is a semi-Riemannian spectral triple. For a special class of fundamental symmetries the operator 1 2 ((JD) 2 + (DJ) 2 ) is a Laplace-type operator with respect to a Riemannian metric. We can think of this metric as a Wick rotated form of the Lorentzian metric. We use this to show that one can define a notion of dimension for semi-Riemannian spectral triples. In the commutative case and for the noncommutative semi-Riemannian torus we show that there is a canonical notion of integration and one can recover the signature of the metric from the spectral data.
In sections 2-5 we review the basic notions and results on spectral triples, Krein spaces and Dirac operators on semi-Riemannian manifolds. Sections 6 and 7 contain the main results of this paper. 
Spectral triples
For a compact operator a denote by µ k (a) the ordered sequence of its singular values, i.e. µ k (a) are the eigenvalues of |a| such that µ 1 (a) ≥ µ 2 (a) ≥ . . . , with each eigenvalue repeated according to its multiplicity. The characteristic sequence of a is defined by σ k (a) :
The spaces L p+ are two 2-sided ideals in B(H). Note that if a ∈ L p+ , then |a| p ∈ L 1+ . Let now l ∞ (N) be the von Neumann algebra of bounded sequences. If a state ω on l ∞ (N) satisfies the conditions
we say that ω is in Γ s (l ∞ ). The set Γ s (l ∞ ) turns out to be non-empty ( [8] ). For each positive a ∈ L 1+ and each state ω ∈ Γ s (l ∞ ) we define Tr ω (a) := ω(x(a)), where x(a) n = σn(a) ln n for n ≥ 2 and x(a) 1 = 0. It can be shown that for each ω the map a → Tr ω (a) extends to a finite trace on L 1+ and to a singular trace on B(H) (see [8, 6] ).
Definition 2.2. Let p ≥ 1 be a real number. A spectral triple is called
In case a spectral triple is p + -summable the map a → Tr ω (a(1 + D 2 ) −p/2 ) is well defined on the algebra A D generated by A and [D, A]. It can be shown that if A D is contained in the domain of smoothness of the derivation δ(·) := [|D|, ·], this map is a trace (see [5] ). A differential operator on a Riemannian manifold is said to be of Dirac type if it is of first order and the principal symbol σ of D satisfies the relation
The geometry of a compact Riemannian spin manifold can be encoded in a spectral triple (see [6] ). 
Theorem 2.3 (Connes
Furthermore for f ∈ C ∞ (M) we have
where c(n, k) = 2 n−1 π n/2 k −1 nΓ(n/2).
Differential calculus and spectral triples
Let A be a unital algebra. Denote by A the vector space A/(C1) and define Ω n A := A ⊗ A ⊗n . We write (a 0 , a 1 , . . . , a n ) for the image of a 0 ⊗ . . . ⊗ a n in Ω n A. On ΩA := ⊕ ∞ n=0 Ω n A one now defines an operator d of degree one and a product by d(a 0 , . . . , a n ) = (1, a 0 , . . . , a n ),
This determines a differential algebra structure on ΩA. If A is a star algebra, one makes ΩA a star algebra by (a 0 , . . . , a n )
A spectral triple (A, H, D) gives rise to a * -representation of ΩA on H by the map
Let j 0 be the graded two-sided ideal j 0 := ⊕ n j n 0 given by
In general, j 0 is not a differential ideal. That is why it is not possible to define the space of forms to be the image π(ΩA). However j := j 0 + dj 0 is a graded differential two-sided ideal. 
Definition 3.1. The graded differential algebra of Connes forms over A is defined by
defines for each ω a scalar product on the space of one-forms. In the case of Proposition 3.3 this scalar product coincides up to a scalar factor with the metricinduced scalar product on the space of one-forms.
Krein Spaces

Fundamentals
Let V be a vector space over C. An indefinite inner product on V is a map (·, ·) :
The indefinite inner product is said to be non-degenerate, if
A non-degenerated indefinite inner product space V is called decomposable if it can be written as the direct sum of orthogonal subspaces V + and V − such that the inner product is positive definite on V + and negative definite on V − . The inner product then defines a norm on these subspaces. V + and V − are called intrinsically complete if they are complete in these norms. A non-degenerate indefinite inner product space which is decomposable such that the subspaces V + and V − are intrinsically complete is called a Krein space. For every decomposition V = V + ⊕ V − the operator J = id ⊕ −id defines a positive definite inner product (the J-inner product) by ·, · J := (·, J·). Such an operator J is called a fundamental symmetry. It turns out that if V is a Krein space each fundamental symmetry makes V a Hilbert space. Furthermore two Hilbert space norms associated to different fundamental symmetries are equivalent. The topology induced by these norms is called the strong topology on V . The theory of Krein spaces can be found in [4] . For the sake of completeness we will review in the following the main properties of linear operators on Krein spaces.
Operators on Krein spaces
If A is a linear operator on a Krein space V we say that A is densely defined if the domain of definition D(A) of A is strongly dense in V . Let A be a densely defined operator on a Krein space V . We may define the Krein adjoint A + in the following way. Let D(A + ) be the set of vectors v, such that there is a vector v
We set A Proof. Since both A and A * are closed, the quadratic form is closed as well. We repeat the construction of the selfadjoint operator associated with this form (see [19] , Theorem VIII.15). Denote W = dom(A) ∩ Jdom(A). The pairing of the scalar product yields an inclusion of spaces W ⊂ V ⊂ W * , where W * is the dual space of W . We define the operatorB :
By construction J restricts on W to a norm preserving isomorphism and its adjoint mapĴ
is invariant under the action of J and furthermore (A) J and J commute. The form domain of
J ), and we conclude that dom((A)
We therefore define
Definition 4.2. Let A be a Krein-selfadjoint operator on a Krein space V and suppose that J is a fundamental symmetry such that dom(A)
∩ Jdom(A) is dense in V . Then the J-modulus [A] J of A is the Krein-selfadjoint operator (A) 1/2 J con- structed above.
Ideals of operators on Krein spaces
Since all J-inner products define equivalent norms, properties of operators like boundedness and compactness, which depend only on the topological structure of the Hilbert space, carry over to Krein spaces without change. The algebra of bounded operators in a Krein space V will be denoted by B(V ). 
Therefore, the definition of L p+ does not depend on the choice of scalar product and consequently it is independent of the chosen fundamental symmetry. The same argument applies to the Dixmier traces. Let ω ∈ Γ s (l ∞ ) be fixed. Then for any a ∈ L 1+ and any invertible operator in B(V ) we have Tr ω (B −1 aB) = Tr ω (a). Therefore, the Dixmier trace does not depend on the choice of fundamental symmetry. We conclude that both L p+ and Tr ω make sense on Krein spaces without referring to a particular fundamental symmetry.
Clifford algebras and the Dirac operator
Clifford algebras and the spinor modules
Let q n,k be the quadratic form q(
n . The Clifford algebra Cl n,k is the algebra generated by the symbols c(x) with x ∈ R n and the relations
Let Cl c n,k be the complexification of Cl n,k endowed with the antilinear involution + defined by c(v)
For n even the algebra Cl c n,k is isomorphic to the matrix algebra Mat C (2 n 2 ), for n odd it is isomorphic to Mat C (2
] ). Let σ 1 , σ 2 , σ 3 be the Pauli matrices and define
For n even we define the isomorphism Φ n,k : Cl
Whereas for odd n = 2m + 1 we define Φ n,k : Cl
For even n the isomorphism Φ n,k gives an irreducible representation of Cl c n,k on ∆ n,k := C 2 n 2 , whereas for n odd we obtain an irreducible representation
by restricting Φ n,k to the first component. The restrictions of these representations to the group Spin(n, k) ⊂ Cl n,k are the well known spinor representations on ∆ n,k . In the following we write γ(v) for the image of c(v) under this representation. In case n is even we define the grading operator χ := i
There is no analogue to this operator in the odd dimensional case. There is a natural non-degenerate indefinite inner product on the modules ∆ n,k given by
This indefinite inner product is invariant under the action of the group Spin(n, k) + which is the double covering group of SO(n, k)
If n is even, one gets for the grading operator χ + = (−1) k χ. Up to a factor this inner product is uniquely determined by these properties.
Fundamental symmetries of the spinor modules
Let now n and k be fixed and denote by g the unique bilinear form on R n such that g(v, v) = q n,k (v). A spacelike reflection is linear map r : R n → R n with r 2 = 1, g(ru, rv) = g(u, v) for all u, v ∈ R n such that g(·, r·) is a positive definite inner product. Each such reflection determines a splitting R n = R k ⊕ R n−k into gorthogonal eigenspaces of r for eigenvalue −1 and +1. Clearly, g is negative definite on the first and positive definite on the second summand. Conversely for each splitting of R n into a direct sum of g-orthogonal subspaces such that g is negative or positive definite on the summands determines a spacelike reflection.
To each such spacelike reflection we can associate a fundamental symmetry of the Krein space ∆ n,k . We choose an oriented orthonormal basis (e 1 , . . . , e k ) in the eigenspace for eigenvalue −1. Then the operator J r := i
is a fundamental symmetry of ∆ n,k and we have J r γ(v)J r = (−1) k γ(rv). In general, not all the fundamental symmetries are of this form. The following criterion will turn out to be useful. 
is proportional to the identity. If n is even assume furthermore that J commutes or anticommutes with the grading operator χ. Then there is a spacelike reflection r such that J = J r .
Proof. By assumption
} is a real valued bilinear form on R n , where {·, ·} denotes the anti-commutator and the * is the adjoint in the J-scalar product. Clearly, h(v, v) ≥ 0 for all v ∈ R n . Therefore, there exists a matrix a ∈ End(R n ) such that
for all u, v ∈ R n . As a consequence δ(u) = γ(u) * − γ(au) anti-commutes with all elements γ(v). In the odd dimensional case there is no such matrix other than 0 and in the even dimensional case δ must be a multiple of the grading operator. Therefore, γ
and JχJ = ±χ we get a 2 = 1. For eigenvectors av = ±v of a one gets from the equation
We showed that for n even or odd we always have
The bilinear form h is h(u, v) = (u, av) and since it is positive semi-definite and a has trivial kernel, it is positive definite. Therefore, a is a spacelike reflection and consequently J a γ(v)J a = (−1) k γ(av). It remains to show that J a = J. From the above relation one gets JJ a γ(v)J a J = γ(v), and therefore, JJ a commutes with all γ(v) and has to be a multiple of the identity. Hence, J = zJ a for some complex number z. From J 2 = J 2 a = 1, J + a = J a and J + = J we get z = ±1. Since the fundamental symmetries both give rise to positive definite scalar products on ∆ n,k , we conclude that z = 1 and J = J a .
Semi-Riemannian geometry and the Dirac operator
Let M be a smooth n-dimensional manifold. A semi-Riemannian metric g on M is a smooth section in the bundle
for a special choice of basis we say that g x has signature (n, k). If g x has signature (n, k) for all x ∈ M the metric is called semi-Riemannian. If the signature is (n, 0) then the metric is called Riemannian, in case the signature is (n, 1) the metric is called Lorentzian. A vector field ξ is called timelike (spacelike, lightlike) if g(ξ, ξ) < 0, (> 0, = 0). The metric can be used to identify T * M and T M and therefore, g can be regarded as a section in T M ⊗ T M inducing a scalar product on T *
x M. See [1] or [2] for elementary properties of semi-Riemannian manifolds. If (M, g) is a semi-Riemannian metric of signature (n, k), then the tangentbundle T M can be split into an orthogonal direct sum
) is orientable the manifold is called orientable (time-orientable, space-orientable). Assume we are given an orientable, time-orientable semi-Riemannian manifold (M, g) of signature (n, k). Then the bundle of oriented orthonormal frames is an SO(n, k) + -principal bundle. We saw that the metric information of a Riemannian manifold can be encoded in a spectral triple, where D was any Dirac type operator on some hermitian vector bundle E. In the case of semi-Riemannian manifolds there arises a major problem. Namely that Dirac type operators are not selfadjoint any more. We will see however that there exists a Krein space structure on the space of sections of E such that there are Krein-selfadjoint Dirac type operators. Assume now that M is an orientable time-orientable semi-Riemannian manifold. Let E be a vector bundle over M and assume that D is of Dirac type. This means that D is a first order differential operator and the principal symbol σ of D satisfies the relation
Therefore, γ := σ satisfies the Clifford relations, which makes E a module for the Clifford algebra bundle. Let r : T M → T M be a spacelike reflection and identify T M with T * M using the metric. Let
Let e 1 , . . . , e k be a local oriented orthonormal frame for F γ(e 1 ) · · · γ(e k ). J is independent of the choice of frames and the indefinite inner product (·, ·) x := ·, J(x)· x on E x is non-degenerate. It makes E an nondegenerate indefinite inner product bundle. Moreover, i k σ x is symmetric with respect to this indefinite inner product. The space of square integrable sections of E is a Krein space endowed with the indefinite inner product structure
To each spacelike reflection r ′ we can associate a fundamental symmetry J r ′ of this Krein space by J r ′ := i
, where e 1 , . . . , e k is a local oriented orthonormal frame for F k 1 . We conclude that for a time-orientable orientable semi-Riemannian manifold there exists a Dirac type operator D on some nondegenerate indefinite inner product vector bundle E such that i k D is symmetric with respect to this inner product. The following theorem was proved for Dirac operators on spin manifolds in [2] . For the sake of completeness and since the original proof is in german, we give a proof here.
Theorem 5.2 (Baum, 1981). Let E be a non-degenerate indefinite inner product vector bundle over an orientable time-orientable semi-Riemannian manifold
M n,k . Let D : Γ 0 (E) → Γ 0 (E) be a symmetric differential operator such that i k D is
of Dirac type. If there exists a spacelike reflection r such that the Riemannian metric associated with this reflection is complete, then D is essentially Krein-selfadjoint. In particular, if M is compact then D is always essentially Krein-selfadjoint.
Proof. Let J be the fundamental symmetry associated with the splitting and let L 2 (E) be the Hilbert space of sections which are square integrable with respect to the positive definite inner product induced by J. We denote this scalar product in the following by ·, · . It is clearly sufficient to show that P = JD is essentially selfadjoint in L 2 (E). Note that P is a first order differential operator which is symmetric in L 2 (E). Therefore, it is closeable. The proof consists of two steps. Let dom 0 (P * ) be the intersection of dom(P * ) with the space of compactly supported square integrable section. We first show that dom 0 (P * ) ⊂ dom(P ). In the second step we show that dom 0 (P * ) is dense in the Hilbert space dom(P * ) endowed with the scalar product x, y P * := x, y + P * x, P * y . The combination of these results shows that dom(P ) is dense in the Hilbert space dom(P * ), and therefore, P is essentially selfadjoint. First step: Note that since P is symmetric, the operator P * is a closed extension of P , and furthermore the adjoint operator P ′ :
is the continuous extension of P and of P * to the space of distributions. Assume that f is in dom 0 (P * ). Then both f and g = P * f have compact support. Clearly, f is a weak solution to the equation P f = g, hence, it is also a strong solution (see e.g. [21] , Prop. 7.4), i.e. there is a sequence f n converging to f in the L 2 -sense such that P f n converges to g also in the L 2 -sense. Therefore, f is in dom(P ). Second step: Assume that f ∈ dom(P * ). We will construct a sequence f n in dom 0 (P * ) such that f n → f and P * f n → P * f in the L 2 -sense. Fix an x 0 ∈ M and let dist(x) be a regularized distance function from x 0 in the complete Riemannian metric associated with the splitting. Choose a function χ ∈ C ∞ 0 (R) with 0 ≤ χ ≤ 1 , χ(t) = 0 for t ≥ 2, χ(t) = 1 for t ≤ 1, and |χ ′ | ≤ 2. We set χ n (x) := χ( 1 n dist(x)). By completeness of the manifold, all χ n are compactly supported. We define the sequence f n := χ n f and clearly, f n ∈ dom 0 (P * ). Denoting by σ the principal symbol of D, we have
For the first summand we have the estimate
where B r denotes the metric ball with radius r centred at x 0 . Since the right hand side vanishes in the limit n → ∞, we conclude that f n → f and P ′ f n → P ′ f in the L 2 -sense. Therefore, dom 0 (P * ) is dense in the Hilbert space dom(P * ).
Example 5.3. A spin structure on a time-oriented oriented semi-Riemannian manifold M
n,k is an Spin(n, k) + -principal bundle P over M n,k together with a smooth covering η from P onto the bundle Q of oriented orthonormal frames, such that the following diagram is commutative.
Here λ denotes the covering map Spin(n, k) + → SO(n, k) + . The spinor bundle S associated with a Spin structure is the associated bundle P × π ∆ n,k , where π denotes the representation of Spin(n, k) [2] (see also [3] For a semi-Riemannian spectral triple we can repeat the construction of differential forms almost unchanged. Denote again the universal differential envelope of A by (ΩA, d). Clearly, the map
is a representation of ΩA on H such that π(a * ) = π(a) + for all a ∈ ΩA, where + denotes the Krein adjoint. We define the graded two sided ideal j 0 := ⊕ n j n 0 by
and as in the case of spectral triples j = j 0 + dj 0 is a graded two-sided differential ideal. We define For Riemannian spin manifolds the differential structure is encoded in the Dirac operator. For example the space of smooth sections of the spinor bundle coincides with the space n dom(D n ). This is essentially due to the ellipticity of the Dirac operator. In the semi-Riemannian case the Dirac operator is not elliptic any more and sections in n dom(D n ) may be singular in the lightlike directions. We will circumvent this problem by introducing the notion of a smooth semiRiemannian spectral triple. Let (A, D, H) be a semi-Riemannian spectral triple as topological vector spaces. If we are dealing with a distinguished equivalence class, we will leave away the index J and write e.g op r for op r J and H s for H s J , since these objects clearly depend only on the equivalence class of J. The spaces op r have been introduced in [7] in the context of spectral triples.
Definition 6.3. A smooth semi-Riemannian spectral triple is a semi-Riemannian spectral triple (A, D, H) together with a distinguished non-empty equivalence class of fundamental symmetries [J], such that D ∈ op
1 . We say a fundamental symmetry is smooth if J ∈ [J]. For the canonical triple associated with a semi-Riemannian spin manifold weThis set is also invariant under conjugation by J r and we conclude that J r is admissible. Suppose now we have another admissible fundamental symmetry J in [J r ]. Since J ∈ op 0 , it acts continuously on Γ(E) and since J commutes with A, it leaves the fibres invariant. It follows that J is a smooth endomorphism of the spinor bundle. For a point x ∈ M we denote by J(x) the restriction of J to the fibre at x. Since J is admissible, J · J must leave the space of one-forms invariant. This implies that for all v ∈ T * x M the matrix J(x)γ(v)J(x) is again of the form γ(u) for some u ∈ T * x M. By Prop. 5.1 there exists a spacelike reflection on the fibre at x inducing J(x). Therefore, there is spacelike reflection r such that J = J r . 
where integration is taken with respect to the semi-Riemannian volume form |g| and c(n) = 2 n−[n/2]−1 π n/2 nΓ(n/2). Moreover with the same f and J
Proof. Let g r be the Riemannian metric associated with a spacelike reflection. By construction the metric volume form of g r coincides with the metric volume form of the semi-Riemannian metric. Now the principal symbol σ 1 of ∆ Jr is given by σ 1 (k) = g r (k, k) for covectors k ∈ T * M. Connes trace formula gives equation 28. What is left is to show that equation 29 holds. The operator
is a classical pseudodifferential operator of order −n and its principal symbol σ 2 is given by
is f σ 2 . In order to calculate the relevant Dixmier trace we have to integrate this symbol over the cosphere bundle in some Riemannian metric. The result will be independent of the chosen Riemannian metric. In case J = J r we use g r to integrate. On the cosphere bundle σ 2 restricts to g(k, k). Therefore,
For local integration we can choose an oriented orthonormal frame k 1 , . . . , k n such that g(k i , k i ) = −1 for i = 1 . . . k and g(k i , k i ) = 1 for i = k + 1 . . . n. This shows that
which concludes the proof.
Equation 29 shows that one can indeed recover the signature from the spectral data and that the notion of integration is independent of the chosen admissible fundamental symmetry.
The conditions for a fundamental symmetry to be admissible are in a sense minimal and it is not clear at this point that one does not need further conditions in order to get a sensible noncommutative geometry. For example one may require in addition that the set A ∪ [D, A] is contained in the domain of smoothness of the derivation δ J (·) = [∆ J , ·]. This is clearly true for admissible fundamental symmetries in the case of a canonical spectral triple associated with a manifold. In the general case however we can not expect this to hold. We think it is also worth noting that for the classical situation there exist a number of equivalent definitions of admissibility. For example one has Proof. By assumption J is a smooth endomorphism of the spinor bundle. Let J(x) be the restriction to the fibre at x. Denote by σ the principal symbol of D. The principal symbol A of the second order pseudodifferential operator ∆ 2 J is given by 7 The noncommutative tori Definition 7.1. Let θ be a pre-symplectic form on R n . We denote by A θ the unital C * -algebra generated by symbols u(y), y ∈ Z n and relations
Let S(Z n ) be the Schwarz space over Z n , i.e. the space of functions on Z n with
The rotation algebra A θ is defined by
It is well known that the linear functional τ :
is a faithful tracial state over A θ . In particular we have τ (a * a) = y∈Z n |a(y)| 2 . Note that A θ is generated by the elements u k := u(e k ), where e k are the basis elements in Z n . They satisfy the relations 
One checks easily that these are indeed derivations.
Let H τ be the GNS-Hilbert space of the state τ . Since τ is faithful, H τ coincides with the closure of A θ in the norm a 
Then H is a Krein space with the indefinite inner product defined by
Proof. Since ∆ n,k is finite dimensional and decomposable, each decomposition of ∆ n,k = V + ⊕ V − into positive and negative definite subspaces gives rise to a decomposition H = H τ ⊗ V + ⊕ H τ ⊗ V − . Clearly, the subspaces are intrinsically complete. Therefore, H is a Krein space. Next we show that D 0 is essentially Krein-selfadjoint on H. Clearly, J := i k(k+1) 2 γ 1 · · · γ k is a fundamental symmetry of H and it is enough to show that the symmetric operator JD 0 is essentially selfadjoint on H endowed with the scalar product induced by J. The vectors u(y) ∈ A θ ⊂ H τ form a total set in H τ and it is easy to see that the vectors of the form u(y) ⊗ ψ are analytic for JD 0 . By Nelsons theorem JD 0 is essentially selfadjoint on A θ ⊗ ∆ n,k ⊂ H and therefore, D 0 is essentially Krein-selfadjoint.
, which is clearly a bounded operator. Hence, (A θ , H, D) is a semi Riemannian spectral triple. For even n this triple is even and the grading operator χ is just the grading operator in Cl c n,k acting on the second tensor factor. In case n is odd the triple is odd and we set χ = 1.
In the following we will need the image of the universal differential forms and the junk forms under the representation π : ΩA θ → B(H) associated with (A θ , H, D). 
Lemma 7.4. For the above defined semi-Riemannian spectral triple we have
We have δ i f 0 = 2πiδ il f 0 . A short calculation shows that π(ω) = 0 and therefore, the form
is an element of π(dj 0 ∩ Ω m A θ ). The A θ -module generated by this form is the set A m of elements of the form j a j γ(v
and the above formula is a consequence of this. We treat the case m ≤ n.
This implies that
where the square bracket indicates the complete anti-symmetrization of the indices. If we apply δ µ 0 to the left of this equation and anti-symmetrize in all indices we obtain
Since
we finally obtain π(dω) ∈ A m .
The above lemma implies that
Here e i is a distinguished basis in R n . Each spacelike reflection in R n,k induces a fundamental symmetryJ r of ∆ n,k and clearly, J r := id ⊗J r is a fundamental symmetry of H. All these fundamental symmetries are in fact equivalent and hence induce the same smooth structure on (A θ , H, D). 
Proof. Let E be the spinor bundle on the commutative torus T n,k with the flat semi-Riemannian metric of signature (n, k). Let H c be the Krein space of square integrable sections of E. The map W : 
which is easy to check.
We view in the following (A θ , H, D) as a smooth semi-Riemannian spectral triple with the above defined smooth structure and refer to it as the noncommutative semi-Riemannian torus T n,k θ . For simplicity we restrict our considerations to the case where the algebra A θ has trivial center. Proof. Let r be a spacelike reflection of ∆ n,k . By construction J r is smooth. We first show that J r is admissible. Clearly, J r commutes with all elements of A θ and JχJ = χ + . Lemma 7.4 shows that indeed Jπ(j ∩ Ω p A)J = π(j ∩ Ω p A) and Jπ(ΩA)J = π(ΩA). Therefore, J r is admissible. Now suppose conversely that J is an admissible fundamental symmetry. Since J commutes with A θ , we can view J as an element in A ′ θ ⊗ End(∆ n,k ), where A ′ θ is the commutant of A θ in B(H τ ). Since J is smooth, it is even an element of A opp θ ⊗ End(∆ n,k ), where A opp θ denotes the opposite algebra of A θ which acts on H τ from the right. The space π(Ω 1 A θ ) is invariant under conjugation by J. Therefore, the matrices Jγ i J must commute with all elements of A opp θ and therefore have entries in the center of A opp θ , which is trivial. Hence, the vector space spanned by the γ i is invariant under conjugation by J. In the same way as in the proof of Prop. 5.1 one checks that the map r : R n,k → R n,k defined by Jγ(v)J = (−1) k γ(rv) is a spacelike reflection. Hence, there exists a spacelike reflection r of ∆ n,k such that Jγ i J = J r γ i J r . Denote by a the operator J r J. Then a commutes with all γ i and commutes with χ. Hence, a ∈ A opp θ and therefore, a commutes with J r . We finally get from a + a = aa + = 1 the equality a 2 = 1. Since both J r and J give rise to positive scalar products, a must be positive in the J r -scalar product and therefore, a = 1. We conclude that J = J r . 
Proof. Let E be the spinor bundle on the commutative torus T n,k with the flat semi-Riemannian metric of signature (n, k). Let H c be the Krein space of square integrable sections of E. In the proof of Prop. 7.5 we constructed an isomorphism of Krein spaces U : H → H c such that UDU −1 = i k / D, where / D is the Dirac operator on T n,k . Moreover the UJ r U −1 are admissible fundamental symmetries of the canonical spectral triple associated with T n,k . Therefore, by theorem 6. 
Outlook
We showed that it is possible to extract the dimension, the signature and a notion of integration from the spectral data of a semi-Riemannian manifold. It would certainly be interesting if one could obtain the Einstein-Hilbert action in a similar way as in the Riemannian case (see [12, 11] ). This can probably not be done straightforwardly, but may require some averaging of expressions of the form Wres(D 2 ∆ −n J ) over the set of admissible fundamental symmetries. Another interesting question is, which further conditions on the admissible fundamental symmetries are necessary in the general situation to guarantee that the functionals Tr ω ( · ∆ As far as the noncommutative tori are concerned we believe that an analogue of Theorem 7.7 holds in case the center of A θ is not trivial. One should be able to proof this in a similar way as we did it here for the case of a trivial center.
